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1. Introduction

Let D be a domain in C and let F be a family of meromorphic functions defined
in D. The family F is said to be normal in D, in the sense of Montel, if each se-
quence {fn} ⊂ F contains a subsequence {fnj } that converges, spherically locally
uniformly in D, to a meromorphic function or to ∞ (see [7; 12; 14]).

Let f and g be meromorphic functions in a domain D in C, and let a and b

be complex numbers. If g(z) = b whenever f(z) = a, we write f(z) = a ⇒
g(z) = b. If f(z) = a ⇒ g(z) = b and g(z) = b ⇒ f(z) = a, we write f(z) =
a ⇔ g(z) = b. If f(z) = a ⇔ g(z) = a then we say that f and g share a in D.

Schwick [13] was the first to draw a connection between values shared by func-
tions in F (and their derivatives) and the normality of the family F. Specifically,
he showed that if there exist three distinct complex numbers a1, a2 , a3 such that f
and f ′ share aj (j = 1, 2, 3) in D for each f ∈ F, then F is normal in D. Pang
and Zalcman [10] extended this result as follows.

Theorem A. Let F be a family of meromorphic functions in a domain D, and
let a, b, c, d be complex numbers such that c 
= a and d 
= b. If for each f ∈ F we
have f(z) = a ⇔ f ′(z) = b and f(z) = c ⇔ f ′(z) = d, then F is normal in D.

Chen and Hua proved the following.

Theorem B ([4], cf. [5; 9]). Let F be a family of holomorphic functions in a
domain D, and let a (
= 0) be a finite complex value. If, f , f ′, and f ′′ share a in
D for each f ∈ F, then F is normal in D.

In this paper, we extend Theorem B as follows.

Theorem 1. Let F be a family of holomorphic functions in a domain D, and let
a(z) be an analytic function in D such that a ′ 
≡ a. If, for each f ∈ F, f(z) =
a(z) ⇔ f ′(z) = a(z) ⇔ f ′′(z) = a(z) and f(z) − a(z) = 0 → f ′(z) − a(z) =
0 in D, then F is normal in D.
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