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Davis’s Inequality for Orthogonal Martingales
under Differential Subordination
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1. Introduction

Consider twdH-valued semimartingale¥ andY, whereH is a separable Hilbert
space with nornj-| and inner product, -). We denote byF = {F;},-0 their com-
mon filtration, which is a family of right-continuous subields in a probability
spac€ 2, A, P}. We also assume th&f, contains all the sets of probability zero.
We use the notationX], Y] = {[X, Y],};>0 to denote the quadratic covariation
process betweeX andY (see e.g. [DM]). Unless otherwise stated, we assume
that all semimartingales have right-continuous paths with left limits (r.c.l.l.). For
notational simplicity, we useX] = {[X].}:>0 to denote K, X].

Since all the results in the paper are invariant under Hilbert space isomorphisms,
we can restrict to the spaces of square integrable sequences.

We say that is differentially subordinatéo X if [ X], —[Y ], is nondecreasing
and nonnegative as a function ofA slightly weaker notion of martingale dif-
ferential subordination was first introduced by Burkholder for discrete-time mar-
tingales and certain stochastic integrals (see [Bul; Bu2; Bu3; Bu4; Bu5; Bu6]
for connections and applications to various settings in Banach spaces). For con-
tinuous parameter martingales with continuous paths, this definition was intro-
duced by Bafiuelos and Wang [BW1] and for continuous parameter martingales
by Wang [W]. With this definition of subordination, Bafiuelos and Wang [BW1]
and Wang [W] extended various sharp martingale inequalities of Burkholder
[Bul-Bu5] from the discrete-time and certain stochastic integral settings to gen-
eral continuous parameter martingales. In particular, the following theorem was
proved in Wang [W] (see also [BW1]). We use the notatjpti||, to denote
SUR. oll X -

THEOREM 1.1. LetX andY be twoH-valued continuous-time parameter martin-
gales such that is differentially subordinate t&. Then, forl < p < oo,

YN, < (p* = DIXIlp- (€Y

This inequality is sharp, and it is also strictjf# 2and0 < || X, < oo.
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