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For a monic polynomiap of degreed, we write E(p) := {z : |p()| = 1}. A
conjecture of Erds, Herzog and Piranian [4], repeated by&sih [5, Prob. 4.10]
and elsewhere, is that the lengfy p)| is maximal wherp(z) := z¢ +1. Itis easy
to see that, in this conjectured extremal ca8&p)| = 2d + O(1) whend — oo.

The first upper estimatiegE(p)| < 74d? is due to Pommerenke [10]. Recently,
Borwein [2] gave an estimate that is lineardnnamely

|[E(p)| < 8med ~ 68.32d.

Here we improve Borwein’s result.

Let g be the least upper bound of perimeters of the convex hulls of compact
connected sets of logarithmic capacity 1. The precise valug isfnot known, but
Pommerenke [8] proved the estimatg < 9.173 The conjectured value gy =
3%222/3 ~ 8.24.

THEOREM 1. For monic polynomialp of degreed, |E(p)| < aod < 9.173.

A similar problem for rational functions turns out to be much easier, and can be
solved completely by means of Lemma 1.

THEOREM 2. Let f be a rational function of degre. Then the spherical length
of the preimage undef of any circleC is at mostd times the length of a great
circle.

This is best possible, as shown by the examplg@f = z¢ andC = R.

REMARKS. Borwein notices that his method would give the estimated 4%
12574 if one knew one of the following facts: (a) the precise estimate of the size
of the exceptional set in Cartan’s lemma (Lemma 3 here); or (b) for extremal
polynomials, the seE(p) is connected. It turns out that (b) is true (this is our
Lemma 3), and in addition we can improve from 40 9173 by using more pre-
cise arguments than those of Borwein.

The main property of the level selq p) is the following.
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