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1. Introduction

Let ∂D be the unit circle inC and letπ2 : C2 → C be the projectionπ2(z, w) =
w. Let T1 andT2 be disjoint maximal real smooth tori in∂D × C such that, for
eachξ ∈ ∂D andj = 1,2, the fiber

Tj,ξ := π2(Tj ∩ ({ξ} × C))

of Tj overξ is a smooth Jordan curve inC. Also, letV be a two-sheeted analytic
variety overD with boundary inT1∪ T2; that is, there existp andq holomorphic
functions onD, continuous up to the boundary∂D, such that

V = { (z, w)∈ D̄ × C; w2 − p(z)w + q(z) = 0 }
and such that, for every boundary pointξ ∈ ∂D, each curveT1,ξ andT2,ξ contains
exactly one root of the equationw2 − p(ξ)w + q(ξ) = 0.

In this paper we consider the question of when it is possible to perturb varietyV

alongT1∪T2.More precisely, we are interested in geometric conditions onT1∪T2

andV such that it is possible to parameterize all nearby two-sheeted varieties over
D with boundaries inT1 ∪ T2. The method we apply is the method of partial in-
dices, which has been successfully used in problems of perturbing analytic discs
along maximal real boundaries by several authors [4; 6; 7; 8; 9]. The geometric
conditions we obtain are expressed in terms of the winding numbers of the normals
to the fibersTj,ξ (j = 1,2) along the roots of the equationw2−p(ξ)w+ q(ξ)= 0
(ξ ∈ ∂D). A typical result is the following.

Theorem. Let V be an irreducible two-sheeted analytic variety overD with
boundary in the disjoint unionT1∪ T2 of two maximal real tori fibered over∂D.
Letα1 andα2 be the complex functions on∂D representing the boundary roots of
the varietyV such that, for everyξ ∈ ∂D, we haveαj(ξ) ∈ Tj,ξ (j = 1,2); let
1 = α1− α2. Also, letν1(ξ) and ν2(ξ) be normals to the fibersT1,ξ andT2,ξ at
the pointsα1(ξ) andα2(ξ), respectively. IfW(ν1)+W(ν2) ≥ −1, then the fam-
ily of two-sheeted analytic varieties overD with boundaries inT1 ∪ T2 that are
close toV is aC1 submanifold of the space of two-sheeted analytic varieties over
D of dimension2(W(ν1)+W(ν2)+W(1))+ 2.
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