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1. Results and Examples

Throughout this paper F denotes a field and V' a vector space over F. The
finitary general linear group FGL(V)=F Autg V over V is the subgroup
of Autg V of F-automorphisms g of V such that [V, g] =V{(g—1) is finite-
dimensional over F. A finitary linear group is a subgroup of FGL(V') for
some F and V. We can always choose F as large as we please, algebraically
closed for example; for if E is an extension field of F then there is an obvious
embedding of F Auty V into F Autg(EQfgV).

There has been much interest of late in the group-theoretic structure of
finitary linear groups, with works of Hall [4] and Meierfrankenfeld, Phil-
lips, and Puglisi [5] especially of note. In particular, [5] analyses the solubil-
ity structure of such groups. Here we carry out an analogous exercise for
nilpotence, except that we are interested not just in nilpotent and locally nil-
potent groups, but also in the various canonical locally nilpotent and hyper-
central normal subgroups and the four canonical Engel sets of an arbitrary
finitary linear group.

The following theorem summarizes our main positive conclusions. Our
notation, which we explain in detail immediately after the statement of the
theorem, is standard (with the exception of the introduction of 5,(G)), fol-
lowing [9] or [10] for example.

THEOREM. Let F be a field of characteristic p=0, V a vector space over F,
and G any subgroup of FGL(V).

(@) L(G)=1(G)=0(G)=n(G) ={MAG: M= r,(M))=
M<aG:la<w2, M=, ,(M)).

(b) L(G)=35(G)=mn2(G)=n(G).

(c) R(G)=p(G)={(G). For each finite subset X of G there is a normal
subgroup K of G with K2 X and R(G)NK = {,,(K).

(d) R(G)=p(G)=¢,(G). For each finite subset X of G there is a normal
subgroup K of G with K2 X and R(G)NK < {,(X).

(e) Modulo its unipotent radical, G has central height at most 2.

Received November 18, 1991. Revision received April 3, 1992,
Michigan Math. J. 40 (1993).

419



