CELLULARITY CRITERIA FOR MAPS
R. C. Lacher

In [13], D. R. McMillan gave a criterion for cellularity of a compact set A in a
PL n-manifold M (n #4). Clearly, any such criterion must say that A behaves
topologically like a cell (a sphere can never be cellular), and it must also say some-
thing about the way A is embedded in M (an arc may fail to be cellular in euclidean
space). This is not necessarily the case with cellularity criteria for maps.

It is known, for example, that a proper map f: M — N between topological n-
manifolds (n>> 5) is cellular provided for each y € N the space f-1(y) is cell-like
(a topological property, defined below): thus there is no need for assumptions on the
embeddings f-1(y) € M (y € N). Inthe present paper, we relax the topological con-
ditions on point-inverses in two situations: for self-maps of a PL-manifold, and for
maps between topological manifolds. The general idea of the criteria is to assume
that point-inverses behave like k-connected spaces (that is, have property UVK)
where k is almost n/2. Then properties of the induced map on homology, together
with duality and a kind of Hurewicz theorem for UV-properties, imply that point-
inverses actually behave like contractible spaces, which implies that they are cell-
like and that each inclusion f-1(y) € M satisfies McMillan’s criterion. Our condi-
tions for maps are best possible codimensionally, and they are necessary as well as
sufficient.

Addendum. TIn Section 7, we examine the case in which point-inverses have prop-
erty UVk-1 and M has dimension 2k. In this, the critical codimension, we show that
all but a finite number of point-inverses must be cellular in M (assuming M is com-
pact and PL, and k #2). A result of L. C. Siebenmann then implies that M is home-
omorphic to the connected sum of N and a finite number of closed, (k - 1)-connected
manifolds.

The author thanks J. J. Andrews, J. L. Bryant, and H. F. Kreimer for stimulat-
ing conversation. He is indebted to D. R. McMillan for pointing out how the assump-
tions of compactness and orientability could be removed from the original version
of the paper.

Conventions. RX is euclidean k-spagce, BX is the closed unit ball in RK, and
Sk-1 =3Bk, The symbols H, , H*  and H* denote singular homology, smgular co-
homology, and Cech cohomology, each with integer (Z) coefficients. The symbol ~
over a (co)homology symbol indicates “reduced”. See [20] for a general reference
on algebraic topics.

ANR'’s are always assumed to be metrizable. When A C X, a neighborhood of A
in X is always understood to be an open set of X containing A. Amap f: X—Y is
proper if and only if f‘l(K) is compact for all compact sets KC Y.

Convention on manifolds. In all statements and proofs, a manifold will be taken
to be a connected, locally euclidean metric space. (No boundary points are allowed.)

Received October 10, 1969.
This research was supported by NSF grant GP-11943,

Michigan Math. J. 17 (1970).

385



