THE INTERSECTION OF FIBONACCI SEQUENCES

S. K. Stein

For the construction of a groupoid satisfying the identity a({(a-ba)a) = b but not
the identity (a(ab-a))a = b, it was necessary to examine the intersection of Fibonacci
sequences. In particular, Theorem 1 below was used. We shall prove that two
Fibonacci sequences generally do not meet and that if they do meet at least three
times, then one is simply the tail of the other.

If a, and a, are positive integers (a, < a,), let ¥(a,, a,), or simply F, denote the
Fibonacci sequence a,, a,, a,, -+ whose first two terms are a, and a, (that is,
ag = ax.] + ax.2 for k> 3). Let F(a,, a,), or simply F, be the set {a,, a,, a,, ***}
We denote the kth term of the standard Fibonacci sequence F(1, 1) by fi. For con-
venience we define f; to be 0. A predicate P about positive integers holds “for al-
most all n” if {n: P(n) is true} has density 1, that is, if lim,_,  A(m)/n=1,
where A(n) is the number of integers not exceeding n for which P is true.

THEOREM 1. If n is a positive integey and F), F,, -+, ¥ 5 are Fibonacci se-
quences, then theve is an integey m > n such that F(n, m) N ¥; consists of at most
the element n, for each i=1, 2, -+ s.

Theorem 1 follows from the following stronger result.

THEOREM 2. If v, is a positive integey and ¥ is a Fibonacci sequence, then
for almost all v,, ¥(v,, v,) N F consists of at most the element v,.

Proof. Let the first two terms of F be u,, u,. Since

lim upiq/uy = (1 + V5)/2,

k — oo

there is an integer m such that uyxyj/ux < 2 for all k> m. Let n, be one such m
for which, in addition, Un +1 - Un, > v] and Un, > vi. We write

Up = My, up +1 =Mz, =7, up 45 = M;j4.

Thus F(M1, M2) = F(un,, un +1)-

We shall determine an upper bound L for the number of v,’s (M; < v, < M,)
such that ¥(v,, v,) meets F(M,;, M,). This L will turn out to be small in compari-
son with M, - M,, the number of v,’s for which M, < v, < M,. From this, Theorem
2 follows easily.

First let us examine where F(v,, v,) might meet F(M,, M,). Since v, < M, and
v, < M,, induction implies that vjc < My for all k > 1. Thus if vi € F(Mj, M) and
Vi = M;, then i must be less than k. On the other hand, we shall show that
Vi > My _, for k> 3. Indeed, v;> M, and

Vy=Vy+vVvg> M, + M, > M,.
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