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We consider the sequence-to-sequence matrix transformations y = Ax, where
A= (ank)’ X= {Xk}s y= {Yn},

o0

Vn=AX)= 2. aXe (Mmk=0,1,2 ).
k=0

It is known that a matrix A is comservative, that is, Ax converges whenever x does,
if and only if || A|| = supn Zx=¢ | ank| is finite, lim ,ZF=pa 1 exists, and limpanx
exists for k=0,1, 2, ---. If A, B, C --- are conservative matrices with elements
ank, Pnk, Cnk, -+, the column limits will be denoted by ay, by, cx, ***. A conserva-
tive matrix A is said to be co-regular if

lim 2.a, - 2.a # 0.
n knk X k

Otherwise it is said to be co-null. Let e and e™ (n=0, 1, 2, ---) be the sequences
defined respectively by ex=1 (k=0, 1, -+-) andby e}l=0px (n,k=0,1, 2, --). Let
A={eMn= 0,1, 2, -}, and let & be the set consisting of the elements of A to-
gether with e. Let H(A) and H(®) be the linear hulls of A and &, respectively. The
terms “basis” and “biorthogonal” will be used as in [1, pp. 106, 110].

We shall say that a matrix A is associative if B(AX) = BA(x) for all matrices B
with || B]| finite and all x in the summability field Co. Clearly a matrix A is as-
sociative if and only if

Ztngankxk= %Z thaxy forall xe Cy, andall {t } € (),
n n

where (y) denotes the set of sequences {tn} such that Z7_. |t,| converges. We
shall show that if A is replaceable, that is, if there exists a regular matrix D such
that Cp = Cp, then A is associative if and only if & is a basis for Cy,.

Bases for the space Ca have been studied by Wilansky [3] and MacPhail [2]. A
conservative matrix A is said to have maximal insel if Z ay % converges for all
x in Ca. A is said to have propagation of maximal inset (PMI) if Z byxxx converges
for all x in Cp whenever B is a matrix such that Cg= C,. Wilansky has shown
that if A is a triangular co-regular matrix, then & is a basis for Cp, if and only if
A has PMI. MacPhail has shown that this statement is true if “triangular” is re-
placed by “reversible.” We shall show that if A is an arbitrary co-regular matrix,
then ¢ is a basis for Cp if and only if A has PMI. Also, we shall give necessary
and sufficient conditions that A be a basis for Cj,.

LEMMA 1. Lel A be a co-regular matvix. H(®) = Ca, that is, H(®) is dense in
Ca, if and only if, for each sequence {bn} such that Z |bni is convergent and
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