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1. INTRODUCTION

The present paper is motivated by considerations of the question whether a p-
adic group can act effectively as a topological transformation group on a manifold.
Our purpose is to study the topological transformation groups (G, X) in which G is
a p-adic group and X is a locally compact Hausdorff space. We prove that if X is
of homology dimension not greater than n (with respect to reals modulo 1), the
homology dimension of the orbit space X/G is not greater than n + 3. If in particu-
lar X is an n-dimensional manifold and G acts effectively on X, then the homology
dimension of X/G is actually equal to n + 2.

From our result it is easy to verify the following known theorem. If G is a p-
adic group (respectively, a p-adic solenoid group) acting f7eely on an n-dimensional
manifold X, then the orbit space X/G is of dimension either n + 2 (respectively,
n+ 1) or «. It remains to be seen whether our results can be used to prove the
well-known conjecture that a p-adic group can not act effectively on a manifold.

In proving our results, we make extensive use of a modified special homology
theory of Smith in which reals modulo 1 are used as coefficients. For any compact
Hausdorif space X on which a prime-power order cyclic group or a p-adic group
acts, special homology groups are defined and several exact sequences are estab-
lished.

2. COVERINGS

Let X be a space, and A a subset of X. An open covering of A in X is a col-
lection A of open subsets of X such that every U € A intersects A and such that the

union U{U| U € A} contains A. A closed covering of A in X is a collection of

closed subsets of X the interiors of which form an open covering of A in X. By a
covering we mean either an open covering or a closed covering.

Let A and p be coverings of A in X. If every member of u is contained in
some member of A, we say that p 7efines A. For every V € u, the star of V in pu,
denoted by (V, p), is defined to be the union of the members of y which meet V. If
for every V € u, (V, p) is contained in some member of A\, we say that p star-
refines A.

(2.1) Let X be a compact Hausdorff space, and A a closed subset of X. Then,
for every open covering A of A in X, there exists an open covering p of A in X
star-refining A.

(2.2) Let X be a normal space, and A a closed subset of X. Let @ be an open
covering of A in X. Then for every finite closed covering A = {Fj, ---, Fmm} of A
in X refining o there exists an open covering p = {U1, e, Ut of A in X refin-
ing a such that every F; is contained in Uj; and such that Fijn--n Fij # P if and

only if Uilﬂ oo nUij + 0.
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