SOME CONSTANTS ASSOCIATED WITH THE RIEMANN
ZETA-FUNCTION
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The following proposition was stated without proof by Ramanujan [3, p. 134] and
Hardy [ 2]; two proofs have recently been given by Chowla and the author [1].

THEOREM: The Riemann zeta-function has the representation
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The purpose of this paper is to investigate the magnitudes and signs of the con-
stants y,,.

1. THE SIGNS OF THE CONSTANTS

THEOREM 1. Infinitely many v, are positive, and infinitely many are negative.
From the identity

£(s) = 25¢s-1 sinf’zlr r(l-s)t(1 - s)

it follows that

® et - 2m) = (1) 220 Dleom) (m=1,2,3, ).

Comparing this with the power series representation of ¢(s), one obtains the rela-
tion

(2) ¢(1 - 2m) = - Exl‘h' + }?0 (L%Zfi(—zm)n = - gﬁ + 2_:0% (2m)".

From (1) it follows that the sign of ¢(1 - 2m) is (-1)™, since all other factors are
positive. Hence, if m is positive and even, (2) shows that the y,, can not all be non-
positive. Assume that there exist only a finite number of positive y,, and that N is
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