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A DOUBLE-ITERATION PROPERTY OF
BOOLEAN FUNCTIONS

CARL LYNGHOLM AND WOLFGANG YOURGRAU

It is the object of this paper to furnish a proof of a theorem

[ ) =f((f(=))),

which is derivable from the fundamental equation for the expansion of a
Boolean function of one variable:

fE=(Mnx)u(fOn=.1

From this proposition we may obtain a simple method for rewriting an
iterative Boolean function in terms of a non-iterative Boolean function
and also for proving the equivalence of two such functions of one variable.

LEMMA 1. fUM))=10)uf ).

PROOF. Using the above fundamental theorem and substituting f (I) for
x, we have

fUD) = (D) nfD)) YO nTD)
=f(D U (O n ) [by x N x = «]
=(f(DHUfO)A (U@

[sincex u(y nz)=(x Uy) N (x U 2)]
=(f(HDuf)nl [by x ux=1]
=f (1) u (0. [since x N 1 =x]

LEMMA 2. () =7 [(0).
PROOF. Substituting f (0) for x, we have
1GO)=( ) A[0)u(©0)nT(0)  [by the fundamental theorem]
=(f()NfOHUO [by x n'% = 0]
={(DnfQ). [since x U 0 = x]
Again applying the fundamental theorem, we can now arrive at equivalent

expressions for { (f (f(0))) and f (f (f (1))).
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