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Consistent, Independent, and

Distinct Propositions.

Ill: Modalities in S6

ANJAN SHUKLA

In [3] McKinsey showed that S2 has infinitely many nonequivalent
modalities, viz., the modalities Op, OOp, OOOp,. . .. Prior ([4], p. 125) conjec-
tured that there are infinitely many nonequivalent modalities in S6. The
conjecture readily follows from the results of [6] and [7], S6 is a subsystem
of both S10 and SI 1, and in both S10 and S l l we have the theorems
~(ps -* P ί)(0 <s <t) for Po, P l 5 P2, . . ., and hence that none of Ps -3 P, is a
theorem. Hence the modalities ~ 0 p , OOp, 0 ~ 0 0 p , . . . are all nonequivalent
in S10 and S l l , and hence in S6. In this note we show that the modalities
Op, OOp, OOOp, . . . are all nonequivalent in S6. Lewis ([2], p. 499) described
OOp —3 Op and OOp as 'contrary assumptions' in the field of S2. (This is an
error.) If OOp —3 Op is assumed clearly all the aforementioned modalities col-
lapse to Op. We note that if we assume OOp all of them remain nonequivalent.

Consider the matrix described in [6], pp. 402-403. Our matrix 1 is
obtained from it by the following modification: P\n\ = 12, 3, . . ,,n, n + 2!
(n > 3). By Theorem 2 of [6] (p. 402), 1 is a σ-regular S6-matrix. We show
that none of the following is a theorem of S6: Osp —3 O'p (s> t> 1). We first
note that Pn0 = \2, 3, . . .,2n - 1, 2n + \\ (n > 2). We proceed by induction.
P n + 1 0 = P ( P n 0 ) = P { 2 , 3 , . . . , 2 n - l , 2 / i + 1! = P \ 2 \ U [P\4\ UP\6\ U . . . U
P\2n - 2 | ] U [ P 1 3 \ U P{5\ U . . . U P\2n + 1 { ] = P \ 2 \ U P\2n - 2 ! U
P\2n + 1! = {2, 3 ! U \2, 3, . . .,2n - 2, 2n\ U {2, 3, . . .,2w + 1, 2n + 31 =
! 2, 3 , . . . ,2Λ + 1,2/2 + 3 1 . Now suppose that f^r Osp -3 O'p. Hence, since 1
is an S6-matrix, by Definitions II.17.16 [5], for x EM,Psx => P*χ GD. By
Theorem III.6 [5],Psx <Pfx. Let x = 0. If t = 1, {2, 3 , . . .,2s - 1 , 2 5 + 1 } =
P ί 0 < i ? 0 = {31. If J > 1, 12, 3 , . . . ,2s - 1 , 2 5 + 1 } = P ' O < / * ( ) = { 2 , 3 , . . . ,
2/ - 1, 2/ + 1}. By Definition 11.10 [5], both are contradictions.

Received September 21, 1981


