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TOPOLOGICAL GEOMETRIES AND A
NEW CHARACTERIZATION OF R*

MICHAEL C. GEMIGNANI

INTRODUCTION*. Mathematicians engaged in research in one area of
study may find concepts which have already been defined and studied in an-
other area, and they can therefore draw on those definitions and results
which already exist. In this way, topology has already been used to study
geometry; for example, in certain axiomatizations of Euclidean plane
geometry, "natural" topologies, having as subbasis elements either half-
planes or interiors of triangles, can be defined on the underlying set, and
these topologies can then be used in the formulation of propositions, or
further axioms.

Starting with chapter Π in this paper, however, the underlying set on
which a "geometry" is defined is assumed already to possess the structure
of a topological space. The geometry is an additional structure with axioms
to bind topological and geometric structures together. We may compare
what has been done to the example of a topological group, where two struc-
tures, algebraic and topological, are related by the continuity of the group
operation.

The usual manner by which a structure is given to a point set X is by
the selection of certain distinguished subsets either of X itself, or of
certain sets related to X, or of both. A topology on X is defined using a
family of distinguished subsets of X, while an operation on X is defined by a
subset of (X x X) x X. Classical geometries usually call for, either implic-
itly or explicitly, the existence of distinguished subsets called lines, planes,
or ^-dimensional subspaces. We define a geometry on a set X in terms of
distinguished subsets of X called k -flats, which are generalizations of
^-dimensional subspaces.

*This paper is a Thesis written under the direction of Professor Robert E. Clay and sub-
mitted to the Graduate School of the University of Notre Dame in partial fulfillment of
the requirements for the degree of Doctor of Philosophy with Mathematics as major
subject in October, 1964. The author wishes to express his sincere gratitude to Prof.
Clay for the interest and patience he has shown and the guidance he has given during
the preparation of this work.

Received November 9, 1964


