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A SEMI-COMPLETENESS THEOREM*
STEPHEN L. BLOOM

In [2] and [3] the hyperprojective hierarchy of subsets of ft (the functions from N, the natural numbers, into N) was constructed using the
hyperarithmetic hierarchy as a model. As a consequence, many properties
of the hyperarithmetic sets have perfect analogues in the hyperprojective
sets. In this paper we consider the problem of finding a "projective
analogue" for the following important fact connected with the hyperarithmetic hierarchy:
The set of Gδdel numbers of the recursive
complete Έ\ set of natural numbers (see [5]).

well-orderings

is a

In [2] it was shown that the set of indices of the projective wellorderings 1 of subsets of ft is a Δ2 set 2 and thus cannot be a "complete π2
set" in any natural sense, as our analogy would have it. The difficulty is
that in order to express the notion "there is no countable descending chain
of functions such that . . . " one needs only a function quantifier, not a
quantifier over functions from ft into N. Thus we are led to consider the
collection W* of indices of those projective linear orderings having no
uncountable descending chains.
In this paper we will show that W* has a semi-completeness property
with respect to a subclass of the π2 sets. Our proof will assume the
existence of a projective well-ordering <* of all of ft such that ft in this
ordering is order-isomorphic to the first uncountable ordinal Ω. This
assumption is consistent with the usual axioms for set theory, since the
existence of a Δ£ well-ordering of ft (of length Ω) follows from the Axiom of
Constructibility [l].
Definition. If a subset B of ft is linearly ordered by some relation <B,
*This result is contained in the author's Ph.D. dissertation, [2], done under the
direction of Hilary Putnam. The preparation of this paper was partially supported by
a grant from the Stevens Institute of Technology.
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