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ON THE INDEPENDENCE OF THE FUNDAMENTAL
OPERATIONS OF THE ALGEBRA OF SPECIES

JEKERI OKEE

The aim of this article is to prove the results announced in [2]. That
is, that the fundamental operations of the algebra of species are indepen-
dent, in the sense that none of the four operations is definable in terms of
the others. The fundamental operations of the algebra of species are: the
species implication "=Φ"9 the species union "U", the species intersection
"Π", and the species complement " - " . For details see [6]. A species
algebraic operation, say "=Ξ>", is definable in terms of the other opera-
tions, if given any term T of the algebra of species which contains "=>"and
does not contain any of the other three operations, there exists a term T*
which does not contain "=#>", such that the formula ( T = ^ T * n τ * ^ Γ ) = 1
is valid in every algebra of species. We shall call this the defining formula
of " = Φ " . We shall in each case prove the independence of each operation
by giving a species algebra in which the defining formula of the operation is
not valid.

Definition 1 Let $1 = (S, A, =Ξ>, U, Π, -> be an algebra of species, and T a.
term of the algebra of species. The following formulae define (recursively)
a function FT / Z 1 which correlates an element FTt^(Xι9 . . ., Xn, . . .) eS with
every infinite sequence of elements Xl9 . . ,,Xn, . eS:

( i ) FTtsΆ(Xu . . . , X n , . . . ) = X p U T = T p ( p = 1 , 2 , 3 . . . ) ;

(ii) F T Λ I U I , ...,Xn,...) = FTl9n(Xl9 . . . , * „ , . . . ) = > FT2,*(Xlf . . ., Xm . . . ) ,
if T = T1=>T2 (where 7\ and T2 are terms);
(iii) and (iv) Analogously for the operations " u " and " n " ;

(v) Fτ.%(Xi, . . ., X», . . .) = FT^X,, . . ., Xn), if T = TL

We say that a term T is verified by the species algebra, in symbol Te E (51),
if FTt*(Xl9 . . ., Xn, . . .) = A for all Xι . . . Xne S.

Definition 2 A formula ^ = (T = 1) of the algebra of species is said to be
valid in the algebra $ϊ, if T is satisfied by 51, and § is said to be valid in the
algebra of species if it is valid in every algebra of species.
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