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QUATERNIONIC BUNDLES ON ALGEBRAIC SPHERES

RICHARD G. SWAN

ABSTRACT. It is shown that for n > 4 there are nonfree
rank 1 algebraic quaternionic vector bundles on the n-sphere
which are topologically trivial. For m > 5 it is shown that
there are uncountably many such bundles.

1. Introduction. An old question asks whether there is a bijection
between algebraic and topological vector bundles on spheres. More
precisely, let F be one of R, C and H, and let V BF (S™) be the set of
isomorphism classes of topological F-vector bundles of rank k& on the
n-sphere S™. Let A, = Rlzo,...,z,]/(3,2? — 1) be the coordinate
ring of S™, and let Py (F ®gr A,) be the set of isomorphism classes of
finitely generated projective F @gr A,,-modules of rank k. The question
then is whether Py, (F @r A,,) — VBF (S™) is a bijection.

The following results are known about this question.

(1) [16]. The stable version of the conjecture is true, i.e., Ko(F Qr
Ap) = K2(S™)top is an isomorphism for all n and for F = R, C, or H.
1

2) [17]. The conjecture is true if A, is replaced by the localization

(/Engg where S = {1+ f2+---+ f2| fi € A,,s > 0}.
(3) [15]. For F = R or C, it is true for k¥ < 1 and all n.
(4) [1] (see also [14]). If F =R, it is true for n < 2.
(4) (Murthy, see [15]). If F = C, it is true for n < 3.
(5) [15]. If F = H it is true for n <1 (and also for £ = 0 and all n).

Case (6) was observed by the referee of [15] who remarked that
H ®r A; is a principal ideal domain [12, Theorem 5.3] (see also
Corollary 5.2).
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