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RELATIONS FOR IMAGINARY PARTS
OF ZEROS OF ENTIRE FUNCTIONS

M.I. GIL’

ABSTRACT. Finite order entire functions are considered.
New relations for the imaginary parts of the zeros are de-
rived. They particularly generalize the Cartwright-Levinson
theorem. By virtue of these relations, under some restriction,
the Hadamard theorem on the convergence exponent of the
zeros is improved.

1. The main result. Consider the finite order entire function

(1.1) f(λ) =
∞∑

k=0

akλ
k

(k!)γ
, λ ∈ C, a0 = 1, γ > 0,

with complex, in general, coefficients. Assume that

(1.2) w(f) ≡
∞∑

k=1

|ak|2 <∞

and put

ψf ≡
[
|Im a1|2 +

∞∑
k=2

|ak|2
]1/2

.

Everywhere below {zk(f)}m
k=1, m ≤ ∞, is the set of all the zeros of

f taken with their multiplicities. In this section it is assumed that the
zeros are numerated in the following way

∣∣∣∣Im 1
zk(f)

∣∣∣∣ ≥
∣∣∣∣Im 1

zk+1(f)

∣∣∣∣, k = 1, . . . ,m− 1.

In the sequel, if m <∞, then we take |zk(f)|−1 = 0 for k > m.
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