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A MASSERA THEOREM FOR QUASI-LINEAR PARTIAL
DIFFERENTIAL EQUATIONS OF FIRST ORDER

KE WANG, MENG FAN AND MICHAEL Y. LI

ABSTRACT. Massera-type criteria are derived for the ex-
istence of periodic wave solutions of quasi-linear partial differ-
ential equations of first order. Results generalize a theorem of
Massera for first order scalar ordinary differential equations.

1. Introduction. In 1950, Massera [8] first established the following
results, which now are often referred to as Massera theorems.

Theorem A. For a scalar differential equation

(1) ẋ = f(t, x),

where f ∈ C(R+ × R → R) is ω-periodic in t for some ω > 0, the
existence of a solution that is bounded in the future implies the existence
of a nonconstant ω-periodic solution.

Theorem B. Consider a linear system of differential equation

(2) ẋ = A(t)x + b(t),

where A ∈ C(R → Rn×n) and b ∈ C(R → Rn) are ω-periodic for
some ω > 0. System (2) admits a nonconstant ω-periodic solution if
and only if it admits a solution that is bounded in the future.

In 1973, Chow [1] extended Theorem B to linear scalar functional
differential equations with finite delay of retarded type under a “small

2000 AMS Mathematics Subject Classification. Primary 34K15, 34C25.
Key words and phrases. Periodic wave solutions, quasi-linear partial differential

equations, Massera theorems.
The first and second authors acknowledge the support of NSFC (No. 10671031),

Key Project of Chinese Ministry of Education (No. 106062), and the Project
sponsored by SRF for ROCS, SEM.

The research of the third author is supported by NSERC grant 238901 and NSF
grant DMS-0078250.

Received by the editors on November 12, 2003.

Copyright c©2006 Rocky Mountain Mathematics Consortium

1715


