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ON POLAR LEGENDRE POLYNOMIALS

H. PIJEIRA CABRERA, J.Y. BELLO CRUZ AND W. URBINA ROMERO

ABSTRACT. In this paper we introduce a new class of poly-
nomials {P,}, called polar Legendre polynomials. They ap-
pear as solutions of an inverse Gauss problem for the equi-
librium position of a field of forces with n + 1 unit masses.
We study algebraic, differential, and asymptotic properties of
these polynomials, which are simultaneously orthogonal with
respect to a differential operator and a discrete-continuous
Sobolev type inner product.

1. Introduction. Let {L, },en be the monic Legendre polynomials.
It is well known that L,, satisfies the following orthogonality relation

1
(1) / Ly(z)z"dz =0, k=0,1,...,n—1,

-1

the second order linear differential equation
(2) —n(n+1)Ln(2) = ((1 - 2°)L,(2))
and the so-called structure relation [7, (4.5.5)]

n*(n+1)

() P DIE) = nlea() -

Ln_l(z).

For a fixed complex number (, that in the sequel is called the pole,
let us define P,, = P, as a monic polynomial such that

(4 (n+1)La(2) = ((z — Q) Pu(2)) = Pul(2) + (2 — O Pp(2).

2010 AMS Mathematics subject classification. Primary 42C05, Secondary

33C25.
Keywords and phrases. Orthogonal polynomials, recurrence relation, zero loca-

tion, asymptotic behavior.
Research of the first author partially supported by Direccién General de In-

vestigacién, Ministerio de Ciencias y Tecnologia of Spain, under grant MTM2006-
13000-C03-02, by Centro de Investigacién Matematica de Canarias (CIMAC) and
by Comunidad de Madrid-Universidad Carlos III de Madrid, under grants CCG06-
UC3M/EST-0690 and CCG07-UC3M/ESP-3339. Research of the second author
supported by CNPg-TWAS. Research of the third author partially supported by

Centro de Investigacién Matemdtica de Canarias (CIMAC).
Received by the editors on August 16, 2007, and in revised form on May 20,

2008.
DOI:10.1216/RMJ-2010-40-6-2025 Copyright ©2010 Rocky Mountain Mathematics Consortium

2025




