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STRONGLY EXTREME POINTS IN LPfa X) 

MARK A. SMITH 

ABSTRACT. A natural characterization of strongly extreme 
points in the unit ball of Lp (fi, X), where 1 < p < oo, is given. 
This characterization is compared to similar known results con
cerning strongly exposed points and extreme points. 

Sundaresan [8] and Johnson [6] considered the problem of characterizing 
extreme points in the unit ball of LP(/u, X), where X is a Banach space, 
(S, 2, ju) is a measure space and 1 < p < oo. It is easily shown that suffi
cient conditions f o r / t o be such a point are that | | / | |^=1 and, for almost 
all s in the support of/, the element f(s)/\\f(s)\\ is an extreme point of the 
unit ball of X. In [8] it is shown that these conditions are also necessary in 
the case that X is a separable conjugate space, S is a locally compact 
HausdorfTspace and y. is a regular Borei measure; in [6] the same is shown 
in the case that A îs any separable Banach space, S is a complete separable 
metric space and y is a Borei measure. However, Greim [4] has produced 
an example of a nonseparable X and a norm one / in LP(X, X), where X is 
Lebesgue measure on [0,1], such tha t / i s an extreme point of the unit ball 
of LP(X, X) but, fpr all s in [0, 1], the element f(s)/\\f(s)\\ is not an extreme 
point of the unit ball of X. 

Johnson [7] and Greim [5] considered the similar problem of characteriz
ing strongly exposed points. In [7], a sufficient condition is given for g in 
L*(y, X*), where p~x + q~x = 1, to strongly expose / of norm one in 
L*(y, X). In [5], the proof that this condition is sufficient is used to show, 
in the case that X\s a smooth Banach space, that / in LP(y, X) is a strongly 
exposed point of the unit ball if \\f\\p = 1 and, for almost all s in the sup
port o f / the element f(s)/\\f(s)|| is a strongly exposed point of the unit 
ball of X. It is also shown in [5] that these conditions are necessary in the 
case that X is a separable Banach space (y arbitrary) and in the case that 
y is a Radon measure on a locally compact HausdorfT space (X arbitrary). 

In this paper, the problem of characterizing strongly extreme points in 
LP(y, X) is considered. It will be shown (Theorem 1) t h a t / i s a strongly 
extreme point of the unit ball of LP(y, X) if \\f\\p = 1 and, for almost all 

Received by the editors on July 5,1983 and in revised form on October 7, 1983. 
AMS 1980 subject classifications: Primary 46B20. 

Copyright © 1986 Rocky Mountain Mathematics Consortium 

1 


