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LOCAL UNIFORM APPROXIMATION BY FUNCTIONS
IN A UNIFORM ALGEBRA

DAVID M. WELLS

Throughout this paper X will denote a compact Hausdorff space and
A will be a function algebra on X. A4 is local if A contains each function
fe C(X) for which there is a collection of closed subsets {Kj, ..., K,} of
X whose interiors cover X, with f|x, € Alg, for each i =1, ..., k. We
will call A strongly local if the requirement f|x, € A|k, in the above defini-
tion can be weakened to f|x € Ag,. If A is strongly local it has the following
property, not shared by other local function algebras: uniform approxi-
mability of a function in C(X) by functions in any dense subalgebra of
A is implied by local approximability. Our main result is Theorem 2,
which implies that a function algebra with a certain separation property
is necessarily strongly local.

Strongly local function algebras are mentioned briefly in [2], where
they are referred to as ‘““approximately local”. It is known that R(X),
the uniform closure in C(X) of the rational functions with no poles on
X, is strongly local for any compact plane set X, It is easily shown that
P(X), the uniform closure of the polynomials in C(X), is not strongly
local for a plane set X which is not polynomially convex. In fact if x € X,
A is in a bounded component of C\X and f(z) = 1/(z — A), then f¢ P(X)
but f|x € Ag if K is the intersection of X with a sufficiently small closed
disc centered at x.

We will be concerned with algebras possessing separation properties.
A is approximately normal if for any pair of disjoint closed subsets K
and K; of X and any ¢ > 0, there is a function 4 € 4 for which |1 — A| g,
< e and |A||, < e. It was shown in [5] that an approximately normal
algebra defined on an interval must be local. Approximately normal
function algebras in general need not be strongly local. For example,
the disc algebra defined on the circle is well-known to be approximately
normal, but as a consequence of the preceding paragraph, it is not strongly
local. However, approximately normal function algebras on an inter-
val can be shown to possess an intermediate property. We will call 4
boundedly strongly local if A contains each function fe C(X) for which
there is a collection {Kj, ..., K,} of closed subsets of X whose interiors
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