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SINGULAR NONLINEAR EVOLUTION EQUATIONS

R. E. SHOWALTER*

ABSTRACT. Sufficient conditions are given to obtain existence and
uniqueness of strong solutions to u#'(¢) + A(u(z))> f(t) on (— 0, 0)
where A is a maximal monotone operator in Hilbert space. Applica-
tions to certain nonlinear problems for partial differential equations
are described.

1. Introduction. We shall consider nonlinear evolution equations of the
form

(1) d’;(t’) + u(t) + A@() (1), — o <1 <0,
in a Hilbert space H, where x € R, the real numbers, and A4 is a maximal
monotone operator in H [2]. The solution will be obtained in the Hilbert
space s, of functions u: (— oo, 0) - H which are square-summable with
the measure e—2¢* dt for appropriate w € R. That is, u € W12((— o0, 0), H),
the class of functions u in J#, whose (strong) derivatives ' belong to J#,,.

We first show that the linear operator ““(d/dt)+ 1 is maximal mono-
tone on s#, when ¢ + w = 0. Then we obtain

THEOREM 1. Let A be maximal monotone in H, A(0) 50 and w + p > 0.
For each feWY%(— o0, 0), H) there exists a unique solution ue
W5AH(— 0, 0), H) of (1.1).

For a restricted class of maximal montone operators, the subdifferen-
tials, we obtain a corresponding result. Let ¢: H—> R |J {+ o0} be a
proper, convex and lower semicontinuous function. The operator on H
defined by

Opw) = {feH: (f, v — w)y < p(v) — ¢(u) for all ve H}
is a maximal monotone 9 called the subdifferential of ¢ [2].

THEOREM 2. Let ¢: H — [0, + 0] be convex and lower semicontinuous
with ¢(ug) = O for some uy € H. The operator “(d|dt) + p + 3¢’ is maxi-
mal monotone on #, in each of the following situations: (a) p = 0,
20 + p 2 0andoneof p=0o0rp0) =0o0rw < 0;(b) £ <O, there isa
P 2 2 such that p(Au) = 22 @) for all A = 1, and 2w + pu > 0. If, in
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