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ON A — m SETS, ALMOST PERIODIC FUNCTIONS
AND GROUP TOPOLOGIES

A. M. FINK AND G. H. MEISTERS !

1. Introduction. Markov [1], in a paper in 1933, introduced a
combinatorial property of subsets of the real line which he used to
prove that certain stability properties of solutions of differential
equations implied their almost periodicity. The only property of these
sets that he used is the one that we reproduce below as Theorem 1.
It turns out that this combinatorial property makes sense and is
useful in arbitrary groups.

2. A — msets.

DerFmniTioN 1. A set S in a group (G, +) is called a A — m set
(m a positive integer) in case (1) given elements of G, ¢,, t, * * *, tp41,
not necessarily distinct, there exist 174 j such that ¢, — t; € S; and
(2) S is symmetric with respect to the identity of G, i.e., =S = S.

We can make several remarks. Since all the t’s may be equal,
0&€ S for all A — m sets. Furthermore, the choice ¢, = ¢, t, =0
implies that every A — 1 set contains t or —¢ for ¢ an arbitrary element
of G. Since § is symmetric, it contains both. Thus the only A — 1 set
is G itself.

We first restrict ourselves to the additive group of reals. It may be
verified that Ex, = U, —_. [n— 1/k,n+ 1/k] (k= 3)isa A — (k— 1)
setbutnota A — (k — 2) set.

As these examples indicate, A — m sets in R can contain gaps;
however, in some sense they cannot be too sparse. The next two
results make this precise.

Tueorem 1. Every A — m set in Ris relatively dense, i.e., if Sis a
A — m set, then there exists an L(S) > 0 such that S (N [t, t + L(S)]
# 0 for all real t.

Proor. The proof is by induction on m. The statement for A — 1
sets is clear since R is the only such set. Assume the theorem true for
A—(m—1)sets. LetSbea A —mset. If Sisalsoa A —(m — 1)
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