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AN EXAMPLE CONCERNING ALGEBRAS 
OF MEASURABLE FUNCTIONSl 

ANTHONY W. HAGER 

If eft is a point-separating cr-algebra of subsets of the set S, a function 
/:S—> R (R = the reals) is called ^-measurable if/*"(/) £ eft for each 
interval I. The family of such functions can be equipped with pointwise 
addition, multiplication, and multiplication by real numbers, and be­
comes what we shall call an algebra of measurable functions on the set 
S. Such an algebra A has many properties, among them: A is closed 
under uniform convergence on S, and is regular in the sense of von 
Neumann (i.e., given / t h e r e is g with f2g = Jf).In fact, these two 
properties characterize such algebras. That is: Let Abe a point-separat­
ing subalgebra of Rs, with 1 G A. If Ais regular and closed under uni­
form convergence, then A is an algebra of measurable functions on S. 
(This observation seems essentially due to B. Brainerd. This is discussed, 
and other similar results surveyed, in [4].) In the present context, the 
proof of this is not hard; we sketch it: since A is closed under uniform 
convergence, it is a lattice and the family cft= ( c o z ( / ) : / G A} is 
closed under countable union (where coz (/) = {s G. S :f(s) j4 0}); 
since A is regular, <=ft is closed under complementation, and is an 
cr-algebra; easy approximation techniques now show that A coincides 
with the algebra ofeft -measurable functions on S. 

This note concerns the question of whether or not a certain weaken­
ing of the hypotheses in the above theorem entails the conclusion. We 
formulate the question in the following paragraphs. To avoid repeti­
tion, from now on each A is to be a point-separating subalgebra of 
some Rs, with 1 G A. 

Evidently, if A is regular, then A is closed under inversion (of func­
tions without zeros). And, if A is regular and closed under uniform 
convergence, then A induces a (completely regular Hausdorff) "P-
space" topology on S, i.e., one in which whenever a Gô-set contains a 
point, it is a neighborhood of the point. This can be proved directly, 
but it is seen more easily if we assume (via the above theorem) that A 
is the algebra of eft -measurable functions; then eft is an open basis 
which is closed under countable intersection. 
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