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ON POSITIVE AFFINE MONOIDS

ERIC EMTANDER

ABSTRACT. For numerical monoids S the length of the
k[S]-module k[S]/k[S] is always finite. This is of course be-
cause the set of holes H(S) is finite, a property that does
not hold in general for positive affine monoids of higher rank.
We examine here in a combinatorial fashion positive affine
monoids S with H(S) finite, or equivalently, positive affine
monoids for which the length of k[S]/k[S] is finite. This class
of monoids turns out to behave in some respects like numeri-
cal monoids. In particular we describe the maximal elements
in certain posets whose elements are positive affine monoids.
This description provides natural “higher dimensional” ver-
sions of familiar classes of numerical monoids such as the class
of symmetric numerical monoids.

1. Preliminaries and notations. An affine monoid S =
(81,.-.,8n) is a finitely generated sub-monoid of Z" for some r € N,
r > 1. We denote by gp (S) the group inside Z" generated by S. Ob-
serve that every element x € gp (S) can be written as x = s — s’ for
some elements s and s’ in S and that gp (S) is free of rank at most r.
The rank of S, rank (S), is by definition the rank of gp (S). We assume
all affine monoids S are embedded in Z¢ where d = rank (S).

Our main concern will be positive affine monoids: an affine monoid is
called positive if zero is the only element whose inverse in gp (S) also lies
in S. A positive affine monoid S = (s1, ..., s,) of rank d is isomorphic
to an affine monoid T inside N?. Thus in the sequel all positive affine
monoids S will be considered to be inside N¢ where d = rank (S).

Assume S = (s1,...,5,) is a positive affine monoid of rank one such
that ged (s1,...,8,) = 1. Then S is called a numerical monoid.
Any affine (respectively positive affine) monoid S = (sq,... , s,) gives

rise to a cone (respectively pointed cone)

RZOS = Rzo{sl, - ,Sn} = {)\181 + - 4+ ApSn N\ € Rzo}.
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