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ON INTEGRAL EQUATIONS ARISING
IN THE FIRST-PASSAGE PROBLEM
FOR BROWNIAN MOTION

GORAN PESKIR

ABSTRACT. Let (Bt)¢>0 be a standard Brownian motion
started at zero, let g : (0,00) — R be a continuous function
satisfying g(0+) > 0, let

T=inf{t > 0| B: > g(t)}

be the first-passage time of B over g, and let F' denote the
distribution function of 7. Then the following system of
integral equations is satisfied:
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forn > 0 and H_1(z) = ¢(z) = (1/\/_) ~2%/2 s the
standard normal density. These equations are derived from a
single ‘master equation’ which may be viewed as a Chapman-
Kolmogorov equation of Volterra type. The initial idea in the
derivation of the master equation goes back to Schrodinger
[23].

1. Introduction. Let (B);>o be a standard Brownian motion
started at zero, let g : (0,00) — R be a continuous function satisfying
g(04+) >0, let

(1.1) r=inf{t>0|B, > g(t)}

Research supported by the Danish National Research Foundatio
2000 AMS Mathematics Subject Classification. Primary 60J65, 45D05 60J60.

Secondary 45G15, 45G10, 45Q05, 45K05.

Key words and phmses. The (inverse) first-passage problem, Brownian motion,
a curve (nonlinear) boundary, a first-passage time, Markov process, the Chapman-
Kolmogorov equation, Volterra integral equation (of the first and second kind), a

system of nonlinear integral equations.
Received by the editors on September 5, 2002, and in revised form on November

20, 2002.
Copyright ©2002 Rocky Mountain Mathematics Consortium

397



