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SOME JESSEN-BECKENBACH INEQUALITIES 

JOSIP E. PEÖARIO AND PAUL R. BEESACK 

1. Introduction. In 1966 E.F. Beckenback [1] (see also [4, p.52] or 
[5, p.81] proved the following generalization of Holder's inequality: 

Let a = ( a i , . . . , an), 6 = (&i,..., 6n) be two n-tuples of positive real 
numbers, and p,q be real numbers such that p~l + q~x = l(p > 1). / / 
0 < m < n, then 

w (È-rnÊ-*r ì (ÈsnÊ*.)"1, 
i l i l 

where 

r . m m ì G/P 

ài = û t ( l < i < m), ài = Ibi^a^/^üjbj \ (m + 1 < i < n). 

Equality holds in (1) i/ anrf on/y z/äi = a». 77ie inequality in (!) is 
reversed if p < l ,p ^ 0. For m = 1, (1) reduces to Holder's inequality. 

In this paper we shall give some generalizations of this result with 
£ replaced by an isotonic linear functional. See especially Corollary 
3, and Remark 4, below. 

2. Main results. Let E be a nonempty set, let ./J be an algebra 
of subsets of E, and let L be a linear class of real-valued functions 
g : E —• R having the properties 

LI: f,geL=> (af + bg)eL for all a, be R; 
L2: 1 € L, Ma* » if f(t) = 1 forteE, then f G X; 
L3: feL,E1eA=>fCEl e L, 

where C ^ is the characteristic function of Ei(CEl (t) = 1 for t e Ei, 
or 0 if t G E\Ei). It follows from L2, L3 that CEl € L for all £ x € A. 
Also note that L contains all constant functions by LI, L2. 

We also consider isotonic linear functionals A : L —• R. That is, we 
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