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EXTREMA AND NOWHERE DIFFERENTIABLE FUNCTIONS

E.E. POSEY AND J.E. VAUGHAN

ABSTRACT. We give simple, unified constructions of continuous,
nowhere differentiable functions that (1) have no proper local
maxima or proper local minima, (2) have no proper local maxima
but have proper local minima at every point of a dense set, and (3)
have proper local maxima at every point of a dense set;, and proper
local minima at every point of another dense set.

1. Introduction. A function f: R — R is said to have a proper (or strict)
local maximum at p in R provided there exists ¢ > 0 such that if 0 <
|x — p| < e, then f(x) < f(p). A function f: R — R is said to have a local
maximum at p € R provided there exists ¢ > 0 such that if |x — p| <,
then f(x) = f(p). The terms proper local minimum and local minimum
are defined in the obvious way. The main purpose of this paper is to give
simple, unified constructions of the following examples.

ExampLEs 1.1. There exist continuous, nowhere differentiable, real
valued functions f, g, and 4 of a real variable such that

A. The function f has no proper local maxima and no proper local
minima, and, furthermore f~1(y) is a perfect subset of R for every y € R.

B. The function g has no proper local maxima, but has proper local
minima at every point of a dense subset of R.

C. The function 4 has proper local maxima at every point of a dense
subset of R and has proper local minima at every point of another dense
subset of R.

We also mention the following result which concerns al/ local extrema
of continuous, nowhere monotone functions. In particular, it applies to
the function f of Example A.

THEOREM 1.2. If f: R — R is a continous function which is not monotone
over any interval, then the set of points where f has a local maximum and
the set of points where f has a local minimum are both dense in R. Further,
both of these sets are sets of first category.
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