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A PRESERVATION OF INTEGRABILITY CHARACTERIZATION 
THEOREM 

WILLIAM D.L. APPLING 

ABSTRACT. Suppose AT is a positive integer and Q denotes the set 
to which g belongs if and only if g is a function from R^+1 into R 
such that for some (wl9 . . . , WN) in R^ and d > 0, g{wu . . . , wN) 
is bounded on [-d; d]. A characterization is given of those elements 
/ o f Q having the property that if U is a set, F is a field of subsets of 
U, each of <xu ... <*N is a function from F into a collection of subsets 
of R with bounded union, £ is a real-valued, bounded finitely ad
ditive function defined on F and each of the set function integrals 
JW/)£(/), • • -, SU<XN(IW) exists, then the integral Suftatf), . . . , 
<*N(I), £(/)) exists, these integrals being limits for subdivision refine
ment. 

1. Introduction. Suppose N is a positive integer. In a previous paper 
[5] (see [2] for the earlier interval function version) the author showed the 
following preservation of integrability characterization theorem (see 
§2 for the notion of integral. 

THEOREM l.A.l. Iff is a function from RN into R, then the following two 
statements are equivalent. 

1) If ¥ is afield of subsets of a set U, £ is a real-valued bounded finitely 
additive function defined on F, and each of cc\, . . . , a^ is a function from 
F into a collection of subsets of R with bounded union (in [5] the a's were 
single valued, but the argument carries over for this version with trivial 
modifications) such that each of the integrals jVa:iC0£(/), . . . , JV<x#C0£C0 
exists, then the integral jV/(tfi(/), . . . , aN(I))^(I) exists. 

2) The function f is continuous. 

In this paper we extend the above theorem. Notice that if fis given 
as above and A is a function from R^+1 into R such that for each 
(*i, . . . , xN, z) in R*+1, h(xx,..., xN, z) = / ( x l 5 . . . , xN)z, then the 
conclusion of statement 1) above has the form "juh(cci(I), . . . , aN(I\ 
£(/)) exists". The question naturally arises as to whether there exists 
a class, Ö, of functions from R^+i into R that includes the functions 
of the form "/(*i, . . . , xN)z'\ and a subset which has the integrability 
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