
J . Math. Kyoto Univ. (WIJKYAZ)
14-2 (1974) 371-390

On potential densities of one-dimensional
Levy processes

By

Toshio TAKADA

(Communicated by Professor Yoshizawa, Sept. 19, 1973)

§ 1 .  Introduction

I n  th is  paper, w e  w ill study  som e behav iors near th e  o rig in  of
th e  derivatives o f  potential densities o f  some typical one-dimensional
Lévy processes.

I n  t h e  s tu d y  o f  one-dimensional Lévy processes, their potential
densities play an im portant role. F o r example, there is a close relation
between th e  hitting probability  fo r  a  s in g le  p o in t  a n d  properties of
poten tia l densities: roughly , w e can  say  that th e  positivity o f  hitting
probability for a single point is equivalent to the existence of a bounded
potential density a n d  th e  regularity o f  a  s in g le  p o in t is equivalent to
th e  e x is t e n c e  o f  a  bounded continuous density . T hese  fac ts w ere
w ell know n a n d  u se d  i n  t h e  study  o f  s ta b le  processes (cf. Kac [3])
a n d  h a v e  been established for general one-dimensional Lévy processes
b y  K e s te n  [4 ]  a n d  B re ta g n o lle  [ I ] . W e  n o te  th a t  P ort and  S tone
[ 6 ]  proved independently th e  e x is te n c e  o f  continuous densities (and
hence, the regularity of a sinlge point) for asymmetric Cauchy processes.

E ven in  th e  c a s e  w hen  a  continuous potential density exists, its
derivative behaves quite differently and  it is  our purpose  o f  th e  present
paper to  s tudy  th e  behavior o f  derivatives near th e  origin fo r  several
one-dimensional Lévy processes. T h e  behavior o f  derivatives reflects
som e a sp e c ts  o f  th e  h itting  o f  sa m p le  p a th s  to  a  given p o in t  a s  is
explained in  Ik ed a  an d  Watanabe [2].


