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On first variation of Green's functions
under quasiconformal deformation

By

Masahiko TANIGUCHI

Introduction

T he  purpose o f  th is  no te  is to  give variational fo rm ulas fo r G reen 's functions on
a rb itra ry  R iem ann surfaces under quasiconformal deformation, which contains known
formulas such a s  those due to  Sontag [7], G uerrero [3] and M aitani [5].

A fter som e prelim inary discussion on quasiconform al m appings i n  § 1 ,  w e w ill
prove the m ain form ulas in § 2 and § 3 (Theorem s 2 and 3).

§  1 .  A  surgery o f quasiconformal mappings

L e t U  be the  unit disk {1z1<1} a n d  U '= {  Iz I  < r< 1 } . Then w e can define a  sur-
gery  o f  a  given quasiconformal mapping f  of U onto itself such that f(0)=0 a s  follows.

L e t  p=p f  b e  th e  c o m p le x  d ila ta t io n  o f  f ,  and  first decompose f  a s  f e f i  w ith
quasiconformal mappings f , = /7(' and  f 2 =R‘ o f  U o n to  i t s e lf  s u c h  th a t  th e  complex
dilatations p i - ,  and p f 2  a r e  equal to Plcu_tr) and (plu , •(f 1)d(71)2)°(f i) -1 ,  respectively,
f ,(0)=0 (hence f 2 (0)=0) a n d  f 2 (1)=1.

N ext le t  H  be th e  upper half p lane in  C , and set

2r(z)=exp(27ri•z).

Then f ,  can be lifted  to  a quasiconformal mapping F =F 1'  o f  / /  on to  itse lf  such  tha t
F (0)= 0  and  7r. F= fe7r. Since w e can find a  c o n s ta n t  r '< 1  depending only on  r and
a  given h (<1) such that f , (U ')  is contained in  f lz 1 < r 'l whenever llpll (=ess.supulp1)

F  is conformal on {z / i: 0 < y < c i  with c=(-1/27r)• log  r ', w here  z = x + iy .  Here
w e m ay also assume tha t c< 1 .

Now set
F° (z)= F(z) on {0<y<c/3} ,

 3 )  

z +

 (2cc/3/3) — y  

F(z) o n  1 c /3  y  2 c /3 1 ,

—z on 2 c/3< y 1.

T h e n  c le a r ly  F ° (0 )= 0  a n d  F°(z+1)=F°(z)-1-1, hence  F °  can be projected to a  self-
mapping S (f 2)  o f  V  f ix in g  0  an d  1 . A n d  setting S ( f )= S ( f 2 ) » f 1 ,  w e  h a v e  a  reforma-
tion o f f .  Note th a t S (f )  is conformal on  U ' .  M oreover we can show  the following
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