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Stationary measures for automaton rules 90 and 150
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Munemi MIYAMOTO

This is a continuation of [3 ]. Let Q =  0 ,+ 1  z . A transformation A : ,S2—

Q  is defined as follows;
A x  (i)  = x  (i + x  (i + 1 ) mod 2

w here x  E  Q  a n d  i  E  Z . I n  [ 3 ]  A  w a s c a lle d  one-dimensional life game.
According to the classification of one-dimensional automata by W olfram  [5],
th is  is  ru le  9 0 .  W e a re  interested in  the  A -invariant m easures on  D . F o r 0

let $ p  be the distribution of the B ernoulli trials with density p. It is
shown in  [2 ,3 ,4 ] that 131/2 , the distribution of coin tossing, is A-invariant.

Furthermore, let M be the set of translation-invariant mixing measures on
Q  and le t Cony (M )  be the  convex hull of M, i.e., th e  se t o f convex combina-
tions of measures in M. If we replace the adjective "mixing" with "ergodic", we
have the  se t Cony (E ) o f a ll translation-invariant m easures (the  ergodic de-
com position theorem ). T he  behaviour of An P  as n—“)0 for P  E Cony (M )  is
quite different from  that for P  E Cony (E) Cony (M ) .  F irst w e  see  th e  be-
hav iour fo r  P  E  Cony (M ) .  T h e  fo llow ing  theorem  is a n  improvement of
Theorem 3 in  [3].

Theorem 1. Assume P E Cony (M) . Then, A n P converges as n,—) 00 if
and only if P is a convex combination of /30, )31/2 and Si.

Collorary (Theorem 1  i n  [3 ]) . Assume P E Cony (M ) .  P  is A -  in-
variant if and only if P is a convex combination of So and Sin.

R em ark that A n 19p d o e s  n o t converge as n—> œ unless p = 0 ,1 / 2 ,1 . But
Theorem 4 in  [3 ] says that if 0<p<1

N-1
lim 1/N E A n i3p /

3
112.

n=o
It is  n a tu ra l to  a sk  if  there  a re  any other A-invariant m easures outside

Cony (M )  [1]. T h e  an sw er is  "Yes, the re  a re  infin ite ly  m any" [4 ] . Let us
show this in more general setting.

Let n a - 3  be  a n  o d d  in te g e r . A configuration x n  in  D  is defined a s  fol-
lows;

{ O  if  i = 0 mod n,
x n ( t )  =

otherwise.
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