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REPRESENTING CODIMENSION-ONE
HOMOLOGY CLASSES ON CLOSED
NONORIENTABLE MANIFOLDS

BY SUBMANIFOLDS

BY

WILLIAM H. MEEKS, 1111

In [5], Julie Patrusky and the author proved that a codimension-one
homology class on a closed orientable connected piecewise linear manifold
can be represented by a closed connected orientable submanifold precisely
when the class is primitive. If M is a closed n-dimensional manifold, we
will call a class in H,_I(M,Z) primitive if the induced class in
H,_(M, Z)/torsion is the zero class or is not a nontrivial multiple of any
other class.
The representation theorem we prove here is for closed connected non-

orientable P.L. manifolds and its proof is much more involved than is the
proof of the orientable case. In dimension two our theorem implies that an
integer homology class on a connected closed nonorientable surface can be
represented by an embedded circle if and only if the class is primitive or
twice a primitive class.

Recall that the Universal Coefficient Theorem implies that if M is a
closed, connected, n-dimensional P.L. manifold, then H,_I(M, Z)= ZzF
where F is a free abelian group. After triangulation, an orientable k-
dimensional P.L. submanifold naturally represents a class in Hk(M, Z). (See
[8].) We will call a closed oriented (n- 1)-dimensional submanifold NcM
representing a class 6 e H,_a(M, Z) a minimal representative for 6 if there is
no other submanifold representative for iS having fewer components. Let IN[
denote the number of components of N.

I would like to thank Larry Larmore for discussions on Theorem 2 and
the referee who made very many comments on improving the paper.

THEOREM 1. Suppose M is a closed connected nonorientable n-
dimensional P.L. manifold. Let tr denote the order two class in H,_I(M, Z). If
N is a minimal representative for a nonzero H,_I(M, Z), then:

(1) If M-N is not connected, then each nonorientable component of
M-N has one end.

(2) Every component ofM-N with three ends comes from cuts along two
components of N.

(3) Each orientable component of M-N has at most four ends. If there is
a component ofM-N with four ends, then M-N is connected and [N] 2.
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