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Introduction

This work deals with the spaces of operators between Banach spaces and
their duality, from an infinite-dimensional point of view. We use isomorphic as
well as isometric tools. In particular we investigate and use the fruitful
interplay between metric and weak topological properties of Banach spaces.
Let us summarize the content of this paper.

In Section 1 we use the technique of [6] for obtaining a general representa-
tion (1.3) of the space K(X, Y)**, X and Y being reflexive spaces. Our
method leads to an improvement (1.5) of a classical result of .4. Grothendieck,
and of a result (1.6) of [3].

In Section 2 we define and use the unique extension property (U.E.P.) which
turns out to be the natural tool for lifting the M.A.P. from E to E* (2.2). A
geometrical lemma (2.4) enables us to find a usable condition for obtaining the
U.E.P. (2.5).

In Section 3 we show that many spaces have the U.E.P. However, the class
is not stable by 1-complemented subspaces (3.1). We find a surprising char-
acterization (3.3) of the dual norms on the James space. We notice that there is
a space with a Frechet-differentiable norm but no equivalent Hahn-Banach
smooth norm (3.4), and we present a renorming problem.

Section 4 presents an isomorphic version (4.3) of the results of Section 2. We
obtain, in particular, an extension of a result of [35].

In Section 5 we use the smoothness of the norm of K(X, Y) (X and Y
reflexive) for showing that such a space is "far" from being a dual space if it is
not reflexive ((5.2) and its corollaries)). This improves Theorem 2 of [6]. We
show also that if X is reflexive, the space L(X), equipped with the operator
norm, has an unique isometric predual (5.11).

This work contains many examples which show as far as possible that our
results are sharp. Let us mention that, unless otherwise specified, the Banach
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