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THE NUMBER OF REPRESENTATIONS OF AN INTEGER
BY A QUADRATIC FORM

GORO SHIMURA

Introduction. Our quadratic formx �→ ϕ[x] is defined on a vector spaceV of
dimensionn (> 1) over a totally real algebraic number fieldF . We letGϕ denote
the orthogonal group ofϕ, andg the maximal order ofF . For ag-latticeL in V and
an elementh ∈ g, we denote byN(L,h) the number of elementsx ∈ L such that
ϕ[x] = h. Here we assume thatϕ is totally positive definite,h is totally positive, and
ϕ[x] ∈ g for everyx ∈ L. As previous researchers on this topic discovered, in order to
obtain a meaningful formula in the most general case, we have to consider a certain
average of several numbers of typeN(L,h) instead of a singleN(L,h) as follows.
We first take a set of lattices{Li}ki=1 that are representatives for the classes belonging
to the genus ofL. Then we put

m(L)=
k∑

i=1
[Γi : 1]−1,

R(L,h)=
k∑

i=1
[Γi : 1]−1N(Li,h),

whereΓi = {γ ∈ Gϕ | Liγ = Li}. The purpose of this paper is to give an exact
formula forR(L,h) whenL is maximal in the sense that it is maximal among the
lattices on whichϕ takes values ing. In the previous work [S5], we gave an exact
formula form(L). Thus the present paper is its natural continuation.
Before stating the formula, let us first recall the result of Siegel on this topic. For

a prime idealp in F and 0< m ∈ Z, let Am(p) denote the number of elementsy
in L/pmL such thatϕ[y]−h ∈ pm. Then, as Siegel showed,N(p)m(1−n)Am(p) is a
constantdp(h) independent ofm if m is sufficiently large. Suppose thatV (resp.L)
is the vector space (resp. the module) of alln-dimensional row vectors with entries
in F (resp.g) andϕ[x] = xϕ0 · tx with a totally positive symmetric matrixϕ0 with
entries ing. Then he proved that

R(L,h)

m(L)
= cnD

(1−n)/2
F πdn/2Γ

(n
2

)−d

NF/Q
(
det(ϕ0)

−1hn−2)1/2∏
p

dp(h),(1)

whereDF is the discriminant ofF , p runs over all the prime ideals inF , cn = 1 if
n > 2, cn = 1/2 if n = 2, andd = [F : Q]; the infinite product

∏
pdp(h) must be
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