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PSEUDOHOLOMORPHIC CURVES AND
THE SHADOWING LEMMA

KAI CIELIEBAK and ERIC SÉRÉ

1. Introduction. LetM be a compact smooth manifold of dimensionn, and let
T ∗M →τ M be its cotangent bundle.T ∗M carries a canonical 1-formθ , which in
canonical coordinates(qi,pi) is given by

θ =
∑

pi dqi.

Thenω := dθ is a symplectic form onT ∗M.
To a smooth HamiltonianH ∈ C∞(S1×T ∗M,R), 1-periodic in time, we associate

the Hamiltonian system

ẋ =XH(t,x),(HS)

where the Hamiltonian vector fieldXH is defined by

dxH(t,x)= ω
(
XH(t,x), ·

)
.

We make the following assumptions onH .
(H1) (Saddle point). There exists a pointx0 = (q0,0) ∈ T ∗M such thatH(t,x0)= 0,

dxH(t,x0)= 0 for all t , and

∂2H

∂p2
(t,x0)pp > 0 for all t , H(t,q0,p)≥ 0 for all t,p,

∂2H

∂q2
(t,x0)qq < 0 for all t, H(t,q,0) < 0 for all q �= q0.

(H2) (Growth conditions). We have that
(i) |dxH(t,x)| ≤ a d(x,x0);
(ii) H(t,q,p)≥ b1|p|2−b2;
(iii) there exists a vector fieldη on T ∗M satisfying

d(iηω)= ω,
|η(x)| ≤ c1d(x,x0),
dxH(t,x) ·η(x)−H(t,x)≥ c2

(
d(x,x0)

)2
.

Here,a,bi,ci are positive constants; we have chosen a Riemannian metric onM and
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