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SEPARATION PROPERTIES OF THETA FUNCTIONS

EDUARDO ESTEVES

0. Introduction. Let X be a nonsingular, connected, projective curve defined
over an algebraically closed fieldk. Let Us denote the set of isomorphism classes
of stable vector bundles onX with given degreed and rankr. In the 1960s, C. S.
Seshadri and D. Mumford ([15], [18], and [19]) suppliedUs with a natural structure
of quasi-projective variety, together with a natural compactificationU , by adding
semistable vector bundles at the boundary. The method used in the construction of
such a structure was Mumford’s then recently developed geometric invariant theory
(GIT); see [8]. Roughly, the method consists of producing a varietyR and an action of
a reductive groupG onX, linearized at some ample invertible sheafL onR, such that
U = R/G set-theoretically. Then the GIT tells us how to supplyR/G with a natural
scheme structure obtained from theG-invariant sections of tensor powers ofL.
Until recently, Seshadri and Mumford’s construction was the only purely algebraic

construction available. In 1993, Faltings [7] showed how to constructUs and its
compactificationU , avoiding the GIT. His method, described also in [21], consisted
of considering the so-called theta functions onR, that are naturally defined provided
R admits a family with the so-called local universal property. (We observe that the
theta functions considered in this paper are just those associated with vector bundles
onX, as is clear from our definition in Section 2. Beauville [3, Section 2] has a more
encompassing definition of theta functions than ours.) The theta functions are in fact
G-invariant sections of tensor powers of a certainG-linear invertible sheafL′

θ onR.
Roughly speaking, using his first main lemma [21, Lemma 3.1], Faltings showed that
there are enough theta functions to produce aG-invariant morphismθ : R −→ PN .
By semistable reduction, the image

Uθ := θ(R) ⊆ PN

is a closed subvariety. Sinceθ isG-invariant, thenθ factors (set-theoretically) through
a mapπ : U = R/G −→ Uθ . Then, using his second main lemma [21, Lemma 4.2],
Faltings showed that there is a bijection between the normalization ofUθ andU ,
through whichU acquires a natural structure of projective variety.
There are interesting consequences of Faltings’s work besides the construction
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