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DIFFERENTIAL INVARIANTS OF CLASSICAL GROUPS

XIAOPING XU

1. Introduction. Symmetry is an important feature of nature. Many physical
phenomena have been described by differential equations, which are invariant
under the action of certain groups. The symmetry of a differential equation often
leads one to find certain nice exact solutions (e.g., cf. [FSS], [O1], [02]). It has
also been a major method in the study of complete solvability.

There have been many examples of finding the symmetry group of a given
differential equation and then using it to find exact solutions (e.g., cf. [AKO],
[FSS], [0O1], [0O2]). Special types of differential equations with a prescribed sym-
metry group have been studied up to a certain degree (e.g., cf. [FSS]). Second-
order differential invariants of the rotation group and its extensions over the
fundamental representation were found by Fushchich and Yegorchenko (cf.
[FY]). Mathematically, it is desirable to find all the partial differential equations
with a prescribed symmetry group, such as the Galilei group and the Poincaré
group. It seems to us that there has not been a systematic study in this direction.
(The problem was also mentioned by Olver in [O2].) In fact, this is, in general, a
very difficult problem, because the “jet spaces” are infinite-dimensional and the
invariants on them are not easy to study. The main purpose of this paper is to
solve this problem over the fundamental representations of classical groups
SL(n), SO(m,n), SP(2n), U(n) and their semiproducts with the translations. As
special cases, we have found all the differential invariants of the Galilei group
and the Poincaré group. Let us give a more detailed description.

Throughout this paper, we denote by R the field of real numbers and by N the
set of natural numbers {0,1,2,...}. Moreover, we denote N* = N\{0}. Let
m,n € NT, and suppose that

X=R"={(ay,...,am) | 4 R} (1.1)

is the configuration space of some physical entity and U = R" is the target space.
We denote by (x1,...,%m) and (ui,...,u,) the coordinate functions of X and U,
respectively. Furthermore, we assume that uy,...,u, are C*-differentiable func-
tions in {x1,x2,...,Xm}. Let

i
F=N"={a=(01,...,0m) | s €N}, &=(0,...,0,1,0,...,0). (1.2)
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