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ON ISOMETRIC AND MINIMAL ISOMETRIC
EMBEDDINGS

THOMAS IVEY AND J. M. LANDSBERG

Introduction

Definition. Let (Mn, ) be a Riemannian manifold. We will say is a quasi-x-
curved metric if there exists a smooth positive definite quadratic form Q on M
such that for all x e M

(1) Rx -y(Qx, Qx) + (x + 1)Y(Ox, Ox),

where y" S2T*--- S2(A2T*) denotes the algebraic Gauss mapping and Rx the
Riemann curvature tensor. (See 1 for more details.)

Quasi-x-curved metrics are a generalization of quasi-hyperbolic metrics, defined
in [BBG], which correspond to x -1. We will also refer to the case x 0 as
quasi-flat metrics. We will assume that n > 3. When n 3, the quasi-x-curved
condition is an open condition on the metric, and thus in this case, the class of
metrics we study is quite general. The condition is stronger in higher dimensions.

In this paper we study local isometric embeddings and minimal isometric
embeddings of quasi-x-curved manifolds. Before giving our results, it will be
useful to review some of what is known.

Local isometric embeddings. Given a Riemannian manifold (Mn, 0), one may
ask if it admits a local isometric embedding into a Euclidean space IRn+r or,
more generally, a space form X(e)n+r of constant sectional curvature e. If M is
more positively curved than X, one expects to have local isometric embeddings
(e.g., the embedding of Sn into lRn+l). We will be concerned with the case where
M is less positively curved than X.
The critical codimension for the isometric embedding problem is r ().

The Cartan-Janet theorem states that local isometric embeddings of analytic Rie-
mannian n-folds into IRn+() exist and depend locally on a choice of n arbitrary
functions of n- 1 variables. (These "dimension counts" come from the Cartan-
Kihler theorem [Car2] .) In this paper, we will be interested in the overdetermined
case r < (2)"

In the most overdetermined case (r 1), Thomas [T] observed that the
Codazzi equations of a hypersurface with nondegenerate second fundamental
form are consequences of the Gauss equations when dim(M) > 4. Thus, codi-
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