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0. Introduction. The growth and smoothness properties of polynomials F on
are controlled by standard inequalities of the following type:

C
sup IVFI -- sup Ifl (0.1)

sup IFI < C sup IFI (0.2)
Btx, p) B(x,p/2)

sup IFI <- IF(y)I dy
l(x,p) pn (x,p)

(0.3)

sup IFI < C sup IFI. (0.4)
Bc(X, t) B(x, t)

Here, C denotes a constant depending only on the degree of F, while B(x, p),
Be(x, p) denote the ball, with center x and radius p in R and C", respectively.
We call inequalities (0.1)-(0.4) the Bernstein inequalities.
In this article, we shall show that if Vx is a finite-dimensional vector space of

real analytic functions of n variables depending real-analytically on a parameter
2 Rm, then the Bernstein inequalities (0.1)-(0.4) continue to hold for F e V,
locally uniformly with respect to 2. Thus, our first main result is as follows.

BERNSTEIN THEOREM. Let F,, Fs, z be holomorphic functions on the com-
plex ball Bc(O, 1 + e), e > O, in C dependin# real-analytically on 2 U R (U an
open set). Let Vz be the linear span of the Fk, z, 1 < k < N.

Then, for any compact set K U, there is a constant C > 0 such that the Bern-
stein inequalities (0.1)-(0.4) hold for any F Vz, 2 K, and B(x, p) B(O, 1).

For example, if 2 (1, N) (R")N and V span{e<,’x>, e<N’x>}, the
above theorem asserts that (1)-(4) hold for F V with a constant C depending
only on upper bounds for Ixl, p, Ixl, I1.
The difficulty in proving these uniform estimates comes from the fact that V

may degenerate (i.e., that its dimension may drop). This difficulty arises already if
we attempt to prove (0.1)-(0.4) for a single vector space Vo because the estimates
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