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CLIFFORD ALGEBRAS AND POLAR PLANES

GUDLAUGUR THORBERGSSON

1. Introduction. We will associate a polar plane to a representation of the
Clifford algebra Cm-1 on t or equivalently to an (rn + 1)-tuple (Po,-.., P,,) of
symmetric (2/ 2/)-matrices satisfying

PiPj + PjPi 26j Id.

Such an (rn + 1)-tuple is called a symmetric Clifford system in [FKM-I.
These polar planes have a natural topology that is compatible with their inci-

dence structure. If m 1, 2, and 4, they are not Moufang. If m is 1, 2, or 4, we get
known examples.

Another way to state our result is to say that the simplicial complex A(M)
associated to an isoparametric hypersurface M of Clifford type is a Tits building of
type C2. See [PT2] and [Th2] for the definitions of these concepts.

Let E be the unit sphere in the linear space of the symmetric matrices spanned by
Po, Pm, and set

’ := {x e S2-ll(Px, x) 0 for all P e E}

and

where

:= {(x, P)lx and P e E}

g(x, P):= {y lP(x y) -(x y)}.

We will call the elements of points and those of .La lines. If x e e for x e and, e &o, then we say that "p is incident to e", "p lies on e", ,,e contains p", etc. We
then prove the following theorem.

THEOREM. The pair (, .L’) satisfies the axioms of a polar plane:
(1) Any two points are incident to at most one line.
(2) Let p be a point and ve a line not containing p. Then there is a unique line ve’ that

meets ve and contains p.
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