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INEQUALITIES FOR PEANO MAXIMAL FUNCTIONS
AND MARCINKIEWICZ INTEGRALS

SAGUN CHANILLO AND RICHARD L. WHEEDEN

1. Introduction. The purpose of this paper is to derive relations between the
various maximal functions which arise in the distribution function estimates for
Marcinkiewicz integrals given in [6], and to use these relations to simplify some
of the global norm inequalities given there. A summary of the results in [6] as
well as those of this paper is given in [7].
We begin by listing definitions of the pertinent maximal functions. Let

FI_+l ((x, y)" x Iq", 0 < y < o ) be the (n + 1)-dimensional upper Euclidean
half-space and let F(x, y) be harmonic in Iq"+/ If 0 < q < o and 0 < a < 2, we
consider the Peano maximal function

q(F)(x)--- sup
s,h > 0

IF(x + u,s)- F(x,s)lqdu) ’/q, 0 < <

IF(x + u,s)- F(x,s)
h

l/q
--U" V lF(X,S)[q du < a < 2.

Here 71 stands for the gradient in the x variables, V (8/8x,..., )/)xn), as
distinguished from the full gradient V (V, )/)y), and "." denotes the usual
Euclidean dot product. We have made the restrictions 0 < a < 2 and 0 < q < oo
for simplicity; the definition for other values of a and for q oo is given in 2.
q(F) is a "lifted" version of the standard Peano maximal function ,q (F)
defined for a function F(x) on Iq as follows:

,q(F)(x) sup
h)O

h h [F(x + u)- F(x)[q du 0 < a <
I<h

h-et(h-nlul<h[F(x "[-

F(x) u. A (x)lq du) ’/q, < < 2,

Received April 16, 1982. Revision received September 10, 1982. Research partly supported by
NSF Grant MCS80-03098.

573


