ON THE EXISTENCE OF NONTRIVIAL
RECURRENT MOTIONS
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1. Introduction. Consider a flow 7 : X X R — X on a compact connected
metric space X and let 9 = M (X) denote the collection of all minimal closed
invariant subsets of X. Let 3 C 9 be a distinguished subcollection of minimal
sets. We wish to find conditions on the flow = which imply that 3 # 9. For
example if 3 is the collection of all stationary points of , then under what
conditions does there exist a nontrivial recurrent motion, i.e., a minimal set
that is not a stationary point? In general let us refer to those minimal sets
in 3 as being trivial and those, if any, in 9T — 3 as nontrivial.

Recall that in the case X is a compact 2-dimensional manifold, the manner
in which stationary points are joined by transit orbits plays a crucial role in
determining the existence of periodic orbits [3]. An orbity(x) = {w(z, ) :te R}
is a transit orbit if the limit sets «, and w, are stationary points P and Q.

In the above case the stationary points P and @ are examples of two minimal
sets that are l-related, a concept which we now define for a general flow. We
shall say that two minimal sets P and @ are l-related (limit set related) if there
is an z in X such that e, N\ P # & and w, N Q # & or vice versa. We use
this to define a relation ~ on 3. Let P and @ be two minimal sets in 3. We
shall say that P ~ @ if there exist minimal sets {M, , --- , M.} in 3 such that
P=M,,Q= M,and M,_, and M, are l-related. Clearly ~ is an equivalence
relation on 3. Let {3} = {®,, ®,, - - -} be the partitioning of 3 into equivalence
classes under ~, i.e., two minimal sets P and @ belong to the same equivalence
class ®; if and only if P ~ Q. Note that if 3 contains a finite number of minimal
sets, then card {3}, the number of equivalence classes in {3}, is finite.

We will prove the following theorem.

TrHEOREM 1. Assume that 3 is a finite subcollection of M. If card {3} > 2,
then there is a nontrivial minimal set in MM — 3.

This is clearly equivalent to the following theorem.

TuEorEM 2. Let K be an tnwariant continuum in X and let M(K) be the
collection of all minimal closed invariant subsets of K, and assume that IM(K) =
{M,, -+, M,} is finite. Then for all 7, j one has M; ~ M; .

We have already seen one interpretation of Theorem 1 in the case that 3
is the collection of all stationary points for the flow =. Another interpretation
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