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Let E be a compact set in Rd. In the report [12] we gave conditions on E
which insured that functions harmonic in neighborhoods of E are dense in the
subspace of L’(E), 1 <_ p < , which consists of functions harmonic in the
interior of E. J. Polking in [21] independently investigated the same problem
for more general classes of elliptic equations and obtained similar results. It
turns out that by combining the methods of [12] and [21] one can improve these
results, and that is the purpose of this paper.
The corresponding approximation problem for analytic functions of one

complex variable has been studied by several authors. We refer to [5], [10],
[11], [13], and the references given there.
We limit the discussion to the equation

(1) A’/u O,

where m _> 2 is an even integer. The results hold, however, for more general
classes of equations. See Polking [21].
The interior of a set E will be denoted by E. The set of functions u which

are solutions of (1) in some neighborhood of E is denoted by h(E), and the
subspace of L"(E) which consists of functions satisfying (1) in E is denoted
by h(E). Throughout the paper q will mean p/(p 1). We write

B(ti) {y Rd "[y x < }.

Various constants are denoted by A.
The Sobolev space W(R) W 1 < q < , consists of all functions in

L’(R) whose distribution derivatives of all orders less than or equal to m are
in L. Partial derivatives of a function v are denoted by D"v, where a

(a,, ..., a,) and In[ al + -t- a. It is well known that il ll . 
{fR ., [D"v[ dx} 1/ is a norm on W". See, e.g., Stein [22; Chapter V,
2]. We denote the set of functions in W which vanish a.e. outside a compact
set E by (W).
The following fact is well known. A proof is given in [21].

LEMI. 1. h,(E) is dense in h(E), 1 < p < , i] and only if Co(E) is
dense in (W) I] E 2, h,(E) is dense in h(E), 1 < p < , if and only
# {0}.

Thus, from now on we will consider only this dual approximation problem
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