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Let 2 be the set of all topologies on a set X and let

_
be the partial ordering

of inclusion. Under this ordering 2: is a complete lattice. Given 51 52 2,
1 A 52 is the set intersection of 51 with . and 51 V 5. is the smallest topology
on X containing 1%) . When Birkhoff introduced 2: in 1936 he noted that
the lattice of Tl-topologies on X, which we call A, is an interval in 2: [1].

In this paper we will introduce and investigate a class of intervals of 2 which
we call the basic intervals of 2:. Although these intervals arise quite naturally
throughout the entire complex structure of 2:, they have the pleasant lattice
properties of being Brouwerian, infinitely meet distributive, compactly gen-
erated, and complete. To begin the first of the four sections of this paper we
will topologically introduce these intervals and then present a lattice character-
ization which proves to be fruitful. To conclude the first section we prove that
a basic interval in 2; is isomorphic to a basic interval in the lattice of Tl-topologies
on some set. Consequently, we restrict ourselves to intervals in A in Sections
2-4. In the second section we will examine a subclass of basic intervals in A,
the intervals of the form [5 (% 5(a, ), 5], where 5 (a, ) is an ultratopology in A.
In the third section we explore the relationship between basic intervals and
linear intervals in A. Finally, we use our results concerning basic intervals to
prove that if a T first -countable topology is properly contained between two
topologies, then there must be at least 22 distinct topologies contained between
the two.
The topological definitions of this paper may be found in Topological Struc-

tures by Thron, while the lattice terminology which is not defined in the paper
may be found in Introduction to Lattice Theory by Szsz. We would like to
thank the referee for his helpful suggestions.

1. Basic intervals of 2;. Throughout this paper we will use [6, 5] to represent
the interval { 2 $ <: (R <: 5}. When writing [6, 5] we imply that 6, 5 2
and that $ < 5.

DEFINITION 1. An interval [6, 5] of 2 is called basic iff there exists some
a X such that for every G 5, G /a} $.

By G {a} we simply mean the set G (X {a}) and do not necessarily
imply that a G.

LEMMA 1. I] [6, 5] iS a basic interval o] such that 5, then there exists a
unique a X such that ]or eery G 5, G {a} 6.
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