
A FORMAL POWER SERIES OPERATIONAL CALCULUS FOR QUASI-
NILPOTENT OPERATORS

1. Introduction. Suppose that T is a quasi-nilpotent, but not nilpotent,
operator on a Banach space E (i.e., lim lIT"I[ 1/" 0, but no T" 0). Since T
has {0} spectrum, one can use the Reis operational calculus [8; 431-433] to
define the operator ](T) whenever ] is a complex function analytic at the origin.
This constructs an isomorphism between the algebra of complex formal power
series with positive radius of convergence and an algebra of operators on E.

In this paper we examine the consequences of no longer insisting that the power
series have positive radius of convergence. That is, we consider the set B of all
complex formal power series J .-1 X,z for which the series ., X.T",
which we denote by ](T), converges in some specified operator topology. If
f(T) converges, we will let J(T) be its sum. For technical reasons we have
included in B only power series with zero constant terms; hence the following
definition will be convenient.

DEFINITION (1.1). A proper ]ormal power series is a complex formal power
series with zero constant term. A proper algebra is an algebra of proper formal
power series which contains z, and hence all polynomials.

If A is an algebra without identity, we will denote by A * the algebra formed
by formally adjoining an identity to A [7; 2-3]. Similarly, if B is a vector space
of proper power series, B is the sum of the vector space B and the vector space
of constant formal power series.
The following definition lists the most important properties that we would like

to prove for sets of converging power series and for the map --, f(T).

DEFINITION (1.2). Suppose that T is a quasi-nilpotent, but not nilpotent,
operator and that B is the set of all proper power series, 1, for which ](T) con-
verges in the strong operator topology; then T is ]ormally representable in the
strong operator topology if

(A1) B is a proper algebra
(A2) B is analytically closed, in the sense that g o ] B for all ] in B and

all g with positive radius of convergence
(B1) the map -- ](T) is an algebra homomorphism
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