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1. Main result. The object of this note is to prove the following:

THEO (*). Let x, y , R. Consider the unit balls Ix] < 1, lYl < 1 to b
Riemann maniIolds M, N with the respective positive definite elements ol arclength

(1.1) ds g,i(x) dx’ dx,
(1.2) ds h,(y) dy’ dy,
where g g h h are o] class C. Let y ](x) be an isometric map o]
an open neighborhood o] x 0 M onto a neighborhood o] y 0 . N.

(i) II 0, then ](x) need not be o] class C1.
(ii) I1 k 0 and g(x), h(y) have (uniform) degrees o] continuity satisIying

a Dini condition (e.g., iI g,(x) and hi(y) are uni]ormly HSlder continuous),
then ](x) is o] class C.

(iii) I] 1

_
tc

_
, then ](x) is o] class CTM.

Part (iii) is a strengthened form of a result of Myers and Steenrod [7] which
states that if/c 1, then y ](x) is of class C1. Their proof is not correct for
it employs normal coordinates, but if (g(x)) is only assumed to be of class C1,
then normal coordinates need not exist; cf. [1] or [5]. A proof of Part (iii) for
k is given in [6; 169-172]; this proof for 2 /

_
only yields the con-

clusion that y ](x) is of class C-1. For if (g,(x)) is of class C,/ > 1, then
the corresponding exponential maps are of class C-1, and need not be of class
C; [2]. The arguments of Palais [8] (cf. [6; 169-172]) do not overcome the
objections raised here.

Part (iii) implies the positive definite case of a theorem of [3] which states
that if (g), (h.) are symmetric, non-singular (possibly indefinite), and of
class C, 1 /

_
o and if y ](x) is of class C and satisfies

(olVOx’) (oF/Ox

then ](x) is of class CTM. In view of this result, it would suffice to show that
](x) is of class C in the proof of Part (iii). But the proof below will not use [3].

In Part (i), (1.1) can be of class C (or reduce to the Euclidean metric ds
Idxl), while the geodesics of (1.2) are not even differentiable functions of arc-
length. In particular, the example below proving Part (i) shows that
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