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1. Introduction. The classical Perron-Frobenius theorem states (among
other things) that a nonnegative square matrix has a nonnegative eigenvalue.
In this paper we generalize this portion of the theorem to the following situation:
if A is a partially-ordered linear algebra which satisfies certain conditions
(to be stated below), then a nonnegative element of A has a nonnegative spectral
value. The proof is algebraic in nature and can be applied to various operator
algebras, including matrix algebras. In the last section we give various examples
to illustrate the applications. The reader will find an exposition of the Perron-
Frobenius theorem in [1, Chapter 16] or in [11, Chapter 2].

2. Basic definitions. A partially ordered linear algebra (p.o.l.a.) A is first
of all a linear algebra with real numbers as scalars, which will usually be denoted
by small Greek letters. Multiplication of elements of A is assumed to be
associative, but not necessarily commutative. Next, the linear algebra A is a
partially ordered set subject to the following conditions (x, y, z denote arbitrary
elements of A and a an arbitrary real number under the specified restrictions in
each condition)"

(a) ifx_ y, thenx-bz <: y +z;
(b) if0_ xand0 y, then0_ xy;
(c) if0 <:_ aand0___ x, then0__ ax;
(d) for any x there exists y >_ 0 and z _> 0 such that x y z.

Note that in condition (c) the symbol 0 has been used to denote the real number
zero and also the zero element of A. Also the symbol

_
is used to denote the

usual ordering of real numbers as well as the partial ordering in A. lhis should
cause no confusion.
We now assume that A has an identity (i.e., multiplicative identity) which will

be denoted by the symbol 1. This is, of course, the same symbol used to denote
the real number one. We assume the following condition for 0, 1 e A"

(e) 0 land0 1.
If x e A and x >_ 0, then x is said to be a nonnegative element of A. A real

number , is said to be a spectral of x e A if 1 x does not have an inverse.
As an example, let us take A to be the real linear algebra of all matrices of

.order n with real entries. If x [ai] and y [.] and we define x

_
y to

mean that a.

_
; for all i, 1, 2, n, then A is a p.o.l.a, satisfying all
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