EXTREME PROPERTIES OF PRODUCTS OF QUADRATIC FORMS

By A. R. Amir-Motz, G. E. Jounsron

For a positive linear transformation A on E, , a finite dimensional unitary
space, the minimum of a product of quadratic forms of A is given in [2]. The
maximum is a special case of a theorem of M. Marcus and J. L. McGregor [6].
In this article we study certain generalizations of these ideas.

1. Definitions and notations. The inner product of two vectors e and 8
will be denoted by («, 8). The determinant of a linear transformation A on
E, will be denoted by det A. A Hermitian linear transformation is called
positive if and only if (4%, &) > Oforall¢ # 0. An orthonormal set {a; , « - -, a}
will be indicated by {e,} o.n. A subspace spanned by the set {y,, -+ , v,}
will be denoted by [y, , -+ , v,]. The expression A | M denotes the linear
transformation A restricted to the subspace M, as defined in [1].

2. THEOREM. Let A be a positive linear transformation on E, with proper
valuesm, > --- > m,. Then
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where F, denotes the r-th elementary symmetric function, i.e.,
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The proof is due to M. Marcus and J. L. McGregor [6].

3. TeEOREM. Let A be a positive linear transformation on E, with proper
valuesmy; > --- > m,. Then
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where 1 < r <k < h < n, and F, is the same as in 2.

Proof. Let M be any subspace of E, such that dim M = h and let P be the
orthogonal projection on M. Then, for £ ¢ M, it follows that (4 | M)t = PA¢.
Let s, > -+ > s, be the proper values of A | M. Then, by 2, we have
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