AN EXTREMAL PROBLEM IN QUASICONFORMAL MAPPINGS

By STEPHEN AGARD

1. Introduction. Professor Ahlfors [3] has given a constructive method for
obtaining a sequence of piecewise affine mappings of the plane, which converges
uniformly in the plane to a given K-quasiconformal mapping of the finite plane
onto itself, provided only that 1 < K < /3. In applying this result toward
the extension of a plane K-quasiconformal mapping to a quasiconformal mapping
of the half space [2], it is further required that the maximal dilatations of the
piecewise affine approximations can be made arbitrarily close to 1, by requiring
that K be sufficiently near 1. It thus becomes of some interest to find the max-
imal dilatations which can occur for the approximating mappings obtained
from the given method of construction.

Accordingly, for 1 < K < o, let Qx denote the class of K-quasiconformal
mappings of the finite plane onto itself. ForpeQx, K < V/3,7=0,1,2, ---,
let ¢‘” denote the j-th approximating mapping to ¢ as constructed by the
Abhlfors method, and let K(¢‘”) denote the maximal dilatation of ¢‘*. In this
paper, we will review the construction of the mappings ¢‘”, in order to calculate

E(K) = sup {K(‘P(i)) tpeQx, i=0,1,2, "'}

for the special case in which the ‘“pieces” of the approximating mappings are
equilateral triangles, and in order to discuss extensions of the method to general
quasiconformal mappings.

2. Definitions and preliminary results. We select the following definition [6],
from the large number of equivalent definitions of quasiconformality: let ¢ be
an orientation preserving homeomorphism of the finite plane onto itself, and set

H() = lim sup 2% le@ +7¢) ~ @),
o ming fo(e +1¢") — (2

Then we say that ¢ is quasiconformal if H(z) is bounded. If this is the case,
the maximal dilatation K(¢) is defined by ess sup H(2). ¢ is said to be K — ge,
or to be in the class Qx , if K(p) < K, where 1 < K.

The affine mapping, ¢(2) = pz 4+ ¢, is quasiconformal if |p| > |g|, and
in this case,

Ipl + lg|

@-1) K@ ==

Received January 24, 1966. Research sponsored by National Foundation Grant GP-4079,
Stanford University and National Foundation Grant G-18913, University of Michigan.

735



